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Abstract. An important problem in the study of Ricci flow is that 
what are the weakest conditions that provide control of the norm of the 
full Riemannian curvature tensor? In this paper, supposing {M" ,g{t)) is 
a solution to the Ricci flow on a Riemmannian manifold on time interval 
[0,r), we show that L 2 norm bound of scalar curvature and Weyl 
tensor can control the norm of the full Riemannian curvature tensor if 
M is closed and T < 00. Next we prove, without condition T < 00, that 
C" bound of scalar curvature and Weyl tensor can control the norm of 
the full Riemannian curvature tensor on complete manifolds. Finally, we 
show that to the Ricci flow with bounded curvature on a complete non- 
compact Riemannian manifold with the Ricci curvature tensor uniformly 
bounded by some constant C on M" x [0, T), the curvature tensor stays 
uniformly bounded on M" x [0, T). Some other results are also presented. 



1. Introduction 
One of important question in the research of Ricci flow 

%^ = -2i?.„ (1.1) 

is that what are the weakest conditions to control of the norm of the Rie- 
mannian curvature tensor? There are many results about this issue. In 
by a blow up argument, N.Sesum showed that Ricci curvature uni- 
formly bounded on M x [0,T), where T < 00, is enough to control the 
norm of Riemannian curvature tensor on closed manifolds. Then R.Ye ( [19] 
and [20]) and B.Wang [18], by different arguments, proved that an inte- 
gral bound ||fim|| n+2 = (Jq \Rm\ 2 d^dt)~^ can control the norm of 
hole curvature tensor on closed manifolds, where Rm is the Riemannian 
curvature tensor and T < cxd. Moreover, B.Wang [T7] proved that if the 
Ricci tensor is uniformly bounded from below on [0, T) where T < 00, and 

\\R\\a = Ho Jm iRl^'dlJ-dt)" ^ -^^5 then the norm of Riemannian curva- 
ture tensor is bounded. 
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Recall that in any dimension n > 3, the Riemannian curvature tensor 
admits an orthogonal decomposition 

where W is the Weyl tensor and denotes the Kulkarni-Nomizu prod- 
uct. Now we denote \Rm\ = {g^^^'^g^'^^'^g'^^^^g'^'^^'^Rmiii^i^i^Rmj^j^j^j^)'^ and 

1^1 = id"^^^ 9^^^^ 9^^^^ 9^^^^^iii2i3i4^ii32j3ji)'^ be the norm of the Riemannian 
curvature tensor and Weyl tensor. 

Our first theorem shows that Hi? 1 1 11+2 and 1 1 1 1 2+2 instead of I \Rm\ I n+2 

22 2 
are enough to control the norm Riemmannian curvature tensor. 

Theorem 1.1. Let {M^,g[t)), t € [0,T), where T < 00, be a solution to 
the Ricci flow on a closed manifold satisfying 

rT 



./■ /", ," + 2 ^ 2 

R 

n+2 = ( / \R\ 2 dndt)"+'2 < 00 

^ Jo Jm 



and 

, f , , n+2 , _2_ 

\\W\\n±2={l I \W\ 2 d^ldt) < 00. 

2 Jo Jm 
Then sup \Rm\ < 00. 
Mx[o,r) 

Note that most of results about this issue should need the conditions 
that is closed and T < 00. It is because that there is no corresponding 
Perelman's non-local collapsing theorem for infinite time singularities or non- 
compact manifolds without injectivity radius bound conditions. Fortunately, 
to overcome this, we can use another simple precompactness theorem (see 
lemma [T2]l instead of using Perelman's non-local collapsing theorem. Then 
we have following theorem without assumptions M" is closed and T < 00. 

Theorem 1.2. Let {M"',g{t)), t € [0, T), where T may be infinite, be a so- 
lution to the Ricci flow il.l]) on a complete manifold satisfying sup < 

Mx[0,T) 

00 and sup \W\ < 00, then sup \Rm\ < 00. 
Mx[0,T) Mx[0,T) 



Next we consider the kahler Ricci flow, 

9ii - Rfj, (1-2) 



% _ 



on a closed manifold M with ci(M) > 0. H.D.Cao proved in [T] that (|1.2p 
has a solution for all time. One of the most important questions regarding 
the Kahler Ricci flow (jl.2p is whether it develops singularities at infinity, 
that is whether the curvature of g{t) blows up as t — > 00. Then Perelman 
(see pjj) made a surprising result that the diameter and scalar curvature 
of g(t) does not blow up as t ^ 00 for (jl.2p . A interesting application to 
theorem 11.21 is following corollary. 
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Corollary 1.3. Let {M'"-,g{t)) he a solution to the Kdhler Ricci flow ( fi.gj) 
on a closed kdhler manifold with ci{X) > 0. Then sup \Rm\ < oo if 

Mx[0,+oo) 

and only if sup \W\ < oo. 

Afx[0,+oo) 

Finally, we can extend the result of N.Sesum [TT] about compact Ricci 
flow to complete non-compact case using the similar method of theorem ll.21 

Theorem 1.4. Let {M^,g{t)), t € [0,T), where T < oo, be a maximal 
solution to the Ricci flow on a complete manifold {M^ , g{0)) satisfying 

sup \Ric\ < oo with {M'"',g{0)) being a complete noncompact Riemannian 

Mx[0,T) 

manifold with bounded curvature, then sup \Rm\ < oo. 

Mx[0,T) 

We remark that the Ricci flat complete and non-compact manifold is not 
in the class in Theorem 11.41 

2. PRELIMINARY 

To study the singularities of Ricci flow, R.Hamilton [9j proposed the sin- 
gularity models which dilate about a singularity based on the rate of blow 
up of the curvature. Note that the curvature bound is immediately satis- 
fied for the blow up about a singularity, but the injectivity radius bound 
is not. For finite time singularities on closed manifolds, Perelman's non- 
local collapsing theorem provides the injectivity radius estimate necessary 
to obtain a noncollapsing limit. But it is no corresponding results for infi- 
nite time singularities or non-compact manifolds without injectivity radius 
bound conditions. In order to handle this problem, one can use the method, 
first proposed by K.Fukaya [6] in metric geometry and D.Glickenstein [5] 
generalized Fukaya's result to Ricci flow, which gives a kind of precompact- 
ness theorem of Ricci flow without injectivity radius estimates. This method 
has been used by many people, one can see [2] and [18] for examples. In 
fact, we just need a trick which is used in the proofs in [6] and [5]. We 
write them down below for the convenience of readers and one can see more 
general results in [6j and [5]. 

First we need a lemma which is elementary in Riemmanian geometry. 

Lemma 2.1. Let {M"',g) be a complete Riemannian manifold with \sec\ < 
1, p M" and the exponential map expp : TpM"' M" such that B{o, vr) C 
TpM"^ equipped with metric exp*g. Then the injectivity radius at o in B{o, vr) 
has inj{o) > ^. 

Proof. By Ranch comparison theorem, the conjugate radius at o is not less 
than vr. Then we can pull back the metric of AI"' to B{o, vr) with exponential 
map expp. By the definition of exponential map, me know that expp map any 
straight line at o to the geodesic emanating from p. Since i?(o, vr) equipped 
with metric exp*g, the straight line at o must be the geodesic with respect to 
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the metric exp*g in B{o, vr). Hence we have any geodesic at is straight hne 
and never goes back in B{o, vr). Then the lemma fohows from Khngerberg's 
injectivity estimate immediately. □ 

A simple application of lemma 12.11 is following precompactness theorem 
for Ricci flow. 

Lemma 2.2. Let {(M", (/^(t), Xj)}^]^, t G [0,T], be a sequence of Ricci 
flow on complete manifolds such that sup \Rm{gi{t))\gi{t) < 1. Let (pi = 

expx-^g-[o) be the exponential map with respect to metric gi{0) and B{oi,^) C 
TxiMi equipped with metric gi{t) = (j)*g{t). Then {B{oi, ^),gi{t),Oi) subcon- 
verges to a Ricci flow {B{o,^),g{t),o) in C°° sense, where B{o,^) C M" 
equipped with metric g{t). 

Proof Since gi{t) = (l)*g{t), we have sup \Rm{gi{t))\gi{t) < 1. By 

BK,f)x[0,T] 

lemma [2?H we have inj(oi,gi(0)) > ^. Then the lemma follows from the 
local version of Hamilton's precompactness theorem for the Ricci flow (see 
[3], p236). □ 

Finally, we need a lemma to prove theorem 11.41 

Lemma 2.3. Suppose {M,g{t)) is the solution to the Ricci flow for t £ 
[0,T), where T < oo, such that the Ricci curvature is uniformly bounded by 
some constant C. We have for all e > there exists an 5{e, C) > such that 
if t £ [to, ^0 + ^] then 

n r 
Volg^t){Bg^t)(x,r)) >{l-e)2 Volg^t,){Bg^t,){x, ^)). (2.1) 

for all X £ M, where Volgi^f^{Bgi^f-j{x,r)) is the volume of ball centered at 
point X with respect to metric g{t). 

Proof. Since the Ricci curvature is uniformly bounded, it is not hard to show 
(see lemma 17 in [5]) that all e > there exists an (5(e, C) > such that if 
|i — io| < 5 then 

-eg{to) < git) - g{to) < eg{to), 

and 

\dg(t)ix,y) - dg^to)ix,y)\ < e2dg(^to)ix,y), 
for all x,y £ M. For any x £ M", r > 0, and t G [to, to + 6], we have 

and 

r n r 

Vol,(,)(i?,(„)(x, ^)) > (1 - 6)^Vol,(,„)(5,(,„)(x, ^)). 

Hence we have 

n T 

Vol,(t)(i?,(t)(^,r)) > (1 - 6) 2 Vol,(,„)(B,(,„)(x, ^)). 

□ 
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3. PROOF OF THEOREM I1.1H1.4I 

In this section, we give the proofs to theorem 11.1111.41 and coroUary 11.31 
First, we use a simple blow up argument to prove theorem I l.li 

Proof of Theorem 11.11 We argue by contradiction. Assume that the 
curvature blows up at a finite time T under the assumptions of the theorem. 
Then there is a sequence {xi,ti) with lim ti = T and — > oo, where 

Qi = \Rm\{xi,ti) = max \Rm\{x,t). We define the pointed rescaled 

{x,t)€Mx[0,ti] 

solutions {M'^,gi{t),Xi), t G [-tiQi,0], by gi{t) = QigiU +Qr^t). Then we 
have a sequence of Ricci flow {{M^,gi{t),Xi), — 1 < t < 0} satisfying 

sup \Rmi\gi < 1 
M"x(oo,0] 

and 

\RTni{xi,0)\g^ = 1, 

where Rrrii is the curvature tensor with respect to gi. By Perelman's non- 
local collapsing theorem, we have uniform lower bound of injectivity radius 
at points {xi,ti) for the sequence {{M^,gi{t),Xi),—l < t < 0}. So this 
sequence subconverges to an ancient Ricci flow solution {M ,x,g{t)). We 
calculate 

'•Of — ,11+2 f n + 2 

/ \R\ 2 dfidt < lim / / \Ri\ ^ dfj.dt 

1 ^%(o)(3?,l) i-*<=°J-l J Bg^^Q){x,,l) 

f , 

= lim / / _i 2 djjLdt 

< lim / / \R\ — diJLdt 
= 0. 

The last equality holds, since Jq Jj^j \R\^~ dfidt < oo. Likewise, 

[ [ IWI"^ dfidt < lim / / {Wil'^d^dt 

f , ,11+2 

= lim / / _i \W\ 2 dndt 

< lim / / \W\~dfidt 

Jt,-(Q,)-i Jm 

= 0. 

Since (M, 'g{t)) is a smooth Riemannian manifold, we have R{x, t) = 0, W{x, t) 
for t € [—1,0] in Bg(^Q^{x,l). By the scalar curvature evolution equation 

^ = Afi + 2|ffi^|2, we have!ffic(x,t) = for t G [-1,0] in %o)(^, !)• Then 
i?m = in 5^(0) (^! !)• So we get a contradiction to |i?m|(x, 0) = 1. □ 
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Next we prove theorem 11.21 by using blow up arguments and lemma 12.21 
Proof of Theorem 11.21 The proof is by contradiction. Then there exist 
sequences tj — > T and Xi € M, such that 

Qi = \Rm\{xi^ti) > C^^ sup \Rm\{x,t) oo, 

Mx[0,ti] 

as i — > OO, where C is some constant bigger than 1. We define the pointed 
rescaled solutions {M"-,gi{t),Xi), t G [-tiQi,0], by gi{t) = QigiU + Q:[^t). 
Then we have 

sup \Rmi\g^{x,t) < C 

Mx(-UQi,0] 

and 

\Rmi{xi,0)\g^ = 1, 

where Rrrii is the curvature tensor with respect to gi. Let (pi = exp^^^g^^o) 
be the exponential map with respect to metric gi{0) and B{oi,^) C T^-Mi 
equipped with metric gi{t) = <j)*gi{t). So we also have 

sup \Rmi\g.{x^t) < C 

S(o,,f)x(-t,Q„0] 

and 

\Rmi{oi,{))\g^ = 1, 

where Rrrii is the curvature tensor with respect to 'gi. Then {B{oi, ^),gi{t),Oi) 
subconverges to a Ricci flow {B{o, ^),g{t), o) in C°° sense by lemma \T2[ 
Since we have that |-R(t)| < C, where R{t) is a scalar curvature with respect 
to g{t). Then Ri = -^^ for all t G {-tiQi,0], we get that Ri{t) ^ as 

i — > oo, i.e. R{t) = for t € (— oo,0], where R{t) is the scalar curvature 
with respect to metric g{t). By the evolution equation for the scalar curva- 
ture ^R = AR + 2|i?«cp, we have Ric{t) = for all t G (-oo,0], i.e. our 
solution g is stationary. Likewise, \Wi\ = for all t G {—tiQi,0], we get 

that \Wi{t)\ ^ as i ^ oo, i.e^JV{t) = for t G (-oo,0]. Then we have 
Rm = 0, which contradict to \Rm{o,0)\ = 1. □ 

To prove cor ollarv 11.31 we need following theorem due to G.Perelman. 

Theorem 3.1. [12j Let {M^,g(t)) be a solution to the kdhler Ricci flow 

— 9ij ~ ^ij a compact kdhler manifold with ci{X) > 0. There 
exists a uniformly constant such that \R{g{t))\ < C, diam{M,g{t)) < C and 
\u\c'^ < C , where u is the Ricci potential satisfying gfj — Rq = didju. 

Now we can prove cor ollarv 11.31 

Proof of Corollar\ ll.3l Corollary 11.31 follows from theorem 13.11 and 
the same arguments of the proofs in theorem 11.21 Note that the evolution 
equation for the scalar curvature -^R = AR + |i?icp — R under the kahler 
Ricci flow ([L2]). So i? = stiU implies Ric = 0. □ 

Finally, we use the similar methods in N.Sesum [llj and lemma 12.21 to 
prove theorem 11.41 
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Proof of Theorem II. 4L We argue by contradiction. Assume that the 
curvature blows up at a finite time T under the assumptions of the theorem. 
Then there exist sequences ti ^ T and Xi E Af, such that 

Qi = \Rm\{xi,ti) > C^^ sup \Rm\{x,t) oo, 

M X [0,U] 

as i — > cxD, where C is some constant bigger than 1. We define the pointed 
rescaled solutions (M", Xj), t G [-tiQi,0], by gi{t) = QigiU + Q'^^t). 
Then we have sup \Rm\g^{x^t) < C and \Rmg^{xi,Q)\ = 1. Let 

Mx(-tiQ„0] 

4)i = e.xp^^ g^{Q-^ be the exponential map with respect to metric 5j(0) and 
S(oi,f) C Tj-Mj equipped with metric = (i)*gi{t). Then (5(oi, |), Oj 
subconverges to a Ricci flow (i?(o, o) in C°° sense by lemma fl?2\ 

Since the Ricci curvatures of our original flow are uniformly bounded, we 
have that |-R(i)| < C, where R{t) is a scalar curvature with respect to g{t). 
Since Ri = for all t G {—tiQi,^], we get that Ri{t) — s- as i — oo, i.e. 

R{t) = for t € (—00,0]. By the evolution equation for a scalar curvature 
jjR = /\R + 2\Ric\^, we have Ric{t) = for ah t G (-oo,0], i.e. our solu- 
tion g is stationary, where R{t) is the scalar curvature with respect to metric 
'git). Therefore it can be extended for all times t G (— oo, +00) to an eternal 
solution. Take sufficient small r > such that B{o,r) C B{o, ^). Since g is 
the C°° limit of (p^gi, we have 



Vol^(o,r) ^ ^.^ VoV*9.(0)%g,(0)(o»'^) ^ j.^ V%g(f,)% g(f0(QM^Q» 



[rQi r 

where Yo\B{o,r) is the volume of ball B(o,r) on B{o,^) with respect to 
metric g. For any e > 0, let (5(e, C) be the constant defined in lemma 
12.31 Since ti ^ T and T is finite, there exists suflicient large iq such that 

|ij ~ iio \ < '^(S) C*) and 

_ 1 

Vol^(o,r) VoV*g(t.)%g(t.)(o»,^Q» ^) _ 
when i > if). Hence by lemma [2^ we have 



n ^ U — ^ f • 

Note that Voli?(p, r) has the expansion within the injectivity radius of p 
(see [7] theorem 3.98), 

YolB{p,r) = a;„r"(l - ^^^^r^ + o{r^)), 
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for B(p,r) contained in any complete manifold M. Since curvature is 

_ 1 

bounded at time ti^ and inj(oj) > ^, we have — — 

uniformly converges to as i ^ oo. Hence we have 

\o\B{o,r) n 1 

> (1 - e) 2 ( )"u;„ - e. 

Let e — > 0, we conclude that 

Vol5 (o,r) 

^ "^ri- 

Finally by Ric{t) = and Bishop-Gromov volume comparison, we have 
metric g is flat, which contradicts to the fact \Rm\{o, 0) = 1. □ 
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